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BIRKHOFF-JAMES ORTHOGONALITY AND SMOOTHNESS OF 
BOUNDED LINEAR OPERATORS 

K. PAUL, D. SAIN AND P. GHOSH 


Abstract. We present a sufficient condition for smoothness of bounded linear 
operators on Banach spaces for the first time. Let T,A G B(K, Y), where X 
is a real Banach space and Y is a real normed linear space. We find sufficient 
condition for TJ_#A O TfcJ-sAfc for some x G Sx with \\Tx\\ = ||T||, and 
use it to show that T is a smooth point in B(X, Y) if T attains its norm at 
unique (upto muliplication by scalar) vector x G Sx, Tx is a smooth point of 
Y and sup y ^c\\Ty\\ < ||T|| for all closed subsets C of Sx with d(±x,C) > 0. 
For operators on a Hilbert space El we show that TJ_#A TxA-gAx for 
some x G Se with ||T:r|| = ||T|| if and only if the norm attaining set Mjp = 
{x G Sb. • ||T:r|| = ||T||} = Sh 0 for some finite dimensional subspace Ho and 
11-^11 if j_ < ||T||. We also characterize smoothness of compact operators on 
normed spaces and bounded linear operators on Hilbert spaces. 


1. Introduction 

Let (X, ||.||) be a real normed space. Let 6 X = (i £ X : ||*|| < 1} and Sx = 
{x E X : ||o:|| = 1} be the unit ball and the unit sphere of the normed space X 
respectively. Let £?(X, Y)(A"(X, ¥)) denote the set of all bounded (compact) linear 
operators from X to another real normed space Y. We write _B(X, Y) = R(X) and 
K (X, Y) = K (X) if X = Y. 

T E .B(X, Y) is said to attain its norm at xq G Sx if ||Ta;o|| = ||r||. Let Mt denote 
the set of all unit vectors in Sx at which T attains norm, i.e., 

M t = {x&Sx: ||r*|| = ||T||}. 

The notion of Birkhoff- James orthogonality [3] plays a very important role in the ge¬ 
ometry of Banach spaces. For any two elements x, y E X, x is said to be orthogonal 
to y in the sense of Birkhoff-James, written as X-LbV, if and only if 

||*|| < ||* + Ay11 VA e R. 

Similarly for T, A E B(X, Y), T is said to be orthogonal to A 1 if and only if 

||T|| < ||T + AA|| VA E R. 

An element 0 ^ * E X is said to be a smooth point if there is a unique hyperplane 
H supporting B( 0, ||*||) at *. Equivalently * is said to be a smooth point if there 
is a unique linear functional / E X* such that ||/|| = 1 and /(*) = ||*||. From [8] it 
follows that x is a smooth point if and only if X-Lgy and X-LgZ implies X-Lg{y + z) 
i.e., if and only if Birkhoff-James orthogonality is right additive at *. 
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In any normed space X, if x £ Mt with Tx.LbAx then TTbA. The question 
that arises is when the converse is true i.e., if T±bA then whether there exists 
x £ Mt such that TxJ-bAx. We find sufficient conditions for T-LbA <t=> Tx-LbAx 
for some x £ Mt- In Theorem 2.1 of m Sain and Paul proved that if X is a finite 
dimensional real normed space and Mt = D U (-D) ( D is a connected subset of 
Sx) then for any A £ i?(X), T_I_bA •o- TxJ-Ax for some x £ Mt- In [12| Sain et al. 
proved that if T is a bounded linear operator on a normed space X of dimension 2 
with T-LbA •o- TxJ-bAx for some x £ Mt, then Mt = D U {—D), where D is a 
connected subset of Sx- 

In this paper we prove that if X is a reflexive Banach space and T is a compact 
linear operator from X to ¥ with Mt = D U (-D) ( D is a compact connected 
subset of Sx) then for any compact linear operator A, T±bA <=> TxLAx for some 
x £ Mt- This result substantially improves upon Theorem 2.1 of Sain and Paul [Ill- 
Examples may be given to show that if T, A are bounded instead of compact, then 
T lg A does not ensure the existence oix £ Mt such that Tx-LbAx. To get a result 
in this direction for bounded linear operators, we need to have certain additional 
condition(s) on T. We find sufficient conditions for which T±bA TxJ-bAx for 
some x £ Mt- 

In case of Hilbert space we find conditions for TLbA •o- ( Tx,Ax) = 0 for 

some x £ Mt- In a Hilbert space H, Bhatia and Semrl [2] and Paul TO] in¬ 

dependently proved that TLbA if and only if there exists x n £ Mt such that 
{Tx n , Ax n ) —> 0. It follows then that if the Hilbert space H is finite dimensional, 
TLbA <=> (Tx, Ax) = 0 for some x £ Mt- In case of an infinite dimensional Hilbert 
space m, examples can be given to show that TTbA but Mt = 0 and so the 
question of whether ( Tx,Ax) = 0 for x £ Mt does not arise. Even if Mt ^ 0: 
there are operators T,A such that TTbA but there does not exist x £ Mt with 
(Tx,Ax) = 0. This implies that for such a result to be true in an infinite dimen¬ 
sional Hilbert space, we need to impose certain additional condition(s) on T. We 

prove that TTbA for A £ B(M) Tx-LAx for some x £ Mt if and only if 

Mt = Sh 0 and ||T|| ff j. < ||T||, where H 0 is a finite dimensional subspace of H. 

As an application of these results on Birkhoff- James orthogonality and operator 
norm attainment, we prove certain characterizations of smoothness of operators. 
This is a classical area of research in the geometry of Banach spaces and has been 
studied in great detail by several mathematicians including Holub [2], Heinrich [5j, 
Hennefeld [6j, Abatzoglou l], Kittaneh and Younis [9]. Smoothness of bounded 
linear operators on some particular spaces like £ p spaces, etc. have been studied 
by Werner m and Deeb and Khalil [4]. Although characterization of smoothness 
of compact linear operators on normed spaces have been obtained, there is no such 
result for bounded linear operators on a general normed space. To the best of our 
knowledge, this is for the first time that a sufficient condition for smoothness of a 
bounded linear operator defined on a Banach space is being presented. We show 
that if X is a Banach space then T £ B(K, Y) is smooth if T attains its norm only 
on ±x £ Sx, Tx is a smooth point of Y and sup ye c,Wy\\=i\\Ty\\ < ||T|| for all closed 
subsets C of Sx with d(±x, C) > 0. We use the result of [10] to prove that if T is 
a bounded linear operator on a Hilbert space El then T is smooth if and only if T 
attains norm only at ±x and SMp{||Ty|| : X-Ly,y £ Sh} < ||T||. 
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2. Operator norm attainment and Birkhoff-James orthogonality in a 

Banach space 

We first prove that if T is a compact linear operator on a reflexive Banach space X 
with Mt = D U (-D) ( D is a non-empty compact connected subset of Sx), then 
for any A G K(K,Y), T±bA Tx±bAx for some x G Mt . We begin with the 
following lemma. 

Lemma 2.1. Let T G B(K,Y) and Mt = D U (-D) (D is a non-empty compact 
connected subset of Sx)- Then for any A G _B(X, Y), either there exists x G Mr 
such that Tx-LbAx or there exists Ao 7 ^ 0 such that ||Tx +AoTx|| < ||Tx|| Vx G Mt- 

Proof. Suppose that there exists no x G M T such that Tx_L B Alx. Let 

W\ = {x G D : \\Tx + A x Tx|| < ||T|| for some X x > 0} 

and W 2 = {x G D : \\Tx + A x j4x|| < ||T|| for some X x < 0}. 

Then it is easy to check that both W\, W 2 are open sets in D and D = W\ U W 2 . 
The connectedness of D ensures that either D = W\ or D = W 2 . 

Consider the case D = W\. Then for each x G D, there exists Aa; G (0,1) such 
that ||Tx + A x j4x|| < ||Tx|| = ||T||. By the convexity of the norm function it now 
follows that 

|| Tx + XAx\\ < ||Tx|| = ||T|| V A G (0, A x ). 

We consider the continuous function g : Sx x [—1,1] —>• K defined by 

g(x, A) = ||Tx + AAx||. 

We have g(x, X x ) = || Tx + A x j4x|| < ||T|| and so by the continuity of g , there exists 
r x ,S x > 0 such that g(y, A) < ||T|| V y G B(x,r x )nS x andV A G {X x -S x ,X x +S x ). 
Let y G B(x, r x ) PI D. Then for any A G (0, X x ) we get 

Ty + XAy=(l-^-)Ty+^-{Ty + X x Ay) 

\ A x ' A x 

^ \\Ty + XAy\\<(l- f )||T|| + A|| T || 

=► \\Ty + XAy\\<\\T\\ 

Therefore g{y, A) < ||T|| V y G B(x, r x ) fl D and VA G (0, A x ). 

Consider the open cover {B(x,r x ) fl D : x G D} of D. By the compactness of D , 
this cover has a finite subcover {B(xi, r Xi ) fl D : i = 1, 2,..., n} so that 

D C U"_ 1 B(x,,r Xi ). 

Choose Ao G fl” = 1 (0, X Xi ). Then for any x G Mt, ||Tx + AoAx|| < ||T||. 

If D = W 2 then similarly we can show that there exists some Ao < 0 such that for 
any x G Mt, ||Tx + Ao^4x|| < ||T||. 

This completes the proof of lemma. □ 

Theorem 2.1. Let X be a reflexive Banach space and Y be any normed space. Let 
T G A'(X, Y) and Mt = D U (— D) (D is a non-empty compact connected subset 
of Sx)- Then for any A G Ji(X, Y),T_I_bA1 if and only if there exists x G Mt such 
that Tx-LbAx. 
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Proof. Suppose there exists no x G Mt such that TxTbAx. Then by applying 
Lemma EU we get some Ao 7 ^ 0 such that 

\\Tx + X 0 Ax\\ < ||T|| Vx G M t . 

Without loss of generality we assume that Ao > 0. 

For each n G N, the operator (T + A A), being compact on a reflexive normed space, 
attains its norm. So there exists x n G Sx such that \\T + A-A|| = ||(T+ ^A)x n ||. 

Now X is reflexive and so Bx is weakly compact, hence we can find a subsequence 
{x nk } of {x n } such that x nk — k xo (say) in Bx weakly. Without loss of generality 
we assume that x n — 1 xq weakly. Then T, A being compact, Tx n —> Tx 0 and 
Ax n — Ax 0 . As T±bA we have ||T+ A-A|| > ||T|| Vn G N and so \\Tx n + ^Ax n \\ > 
||T|| > ||Tx„|| Vn G N. Letting n —> 00 we get ||Txo|| > ||T|| > HTxoll. Then 
xq G Mt- 

We finally show that TxqJ-bAxq. 

For any A > - we claim that || Tx n + AAx„|| > HTx^H. Otherwise 


Tx„ 


Ax n 
n 

II Tx n + -Ax n || 
n 

II Tx n + -Ax n || 


GO 


< (1 


< || Tx r , 


Tx 

\nA 

1 

nA 

a contradiction. 


XAx n ) 


Choose A > 0. Then there exists no G N such that A > ^ and so for all n > no we 
get, 

|| Tx n + AAx„|| > ||Tx„||. 

Letting n —>■ 00 we get 

||Tx 0 + AAxo|| > ||Tx 0 ||.(i) 

We next show that ||Txo + AAxo|| > ||Txo|| for each A < 0. Suppose there exist 
some Ai < 0 such that ||Txo + AiAxo|| < ||Txo||. We already have ||Txo + AoAxo|| < 
||Tx 0 ||. Then 

Ao \ a \ , / Ao 


Tx 0 = 


\\Tx 0 \\ 

\\Tx o|| 


< 


( 1 - 

( 1 - 


x x )(T'xo + AoAxo) + ( 

Ao — A 1 Ao — Ai 


){Tx 0 + AiAx 0 ) 


An 


-)im + (- 


An 


-)\\Tx 0 \\ 


Ao — Ai Ao — Ai 

< 11Txo11, a contradiction 

Thus ||Tx’o + AAxo|| > llTxoll f° r each A < 0. This along with (i) shows that 
TxqJ-bAxq. This completes the proof of the theorem. □ 


Corollary 2.1.1. Let T G AT(X, Y) and Mt * = D U (-D) (D is a compact con¬ 
nected subset of Sy* )■ Then for any A G AT(X, Y),T_I_bA if and only if there exists 
g G Mt * such that T*gTsA*g. 

Proof. Noting that TTbA if and only if T* 1 b A* and SV* is weak* compact we can 
apply the above Theorem 12. II to conclude that if TTbA then there exists g G Mr* 
such that T*gJ-sA*g. The other part is obvious. □ 

Remark 2 . 1 . Theorem 2.1 of Sain and Paul m is a simple consequence of the 
above Theorem \2.1l since every finite dimensional normed space is reflexive and 
every linear operator defined there is compact. 
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The following example shows that the above theorem can not be extended to 
bounded linear operators without any additonal restriction on T. 

Example 2.1.1. Consider T: £2 —> £2 defined by Te 1 = — e\, and Te n = (1 — 
1 /n)e n for n > 2, where {e n : n £ N} is the usual orthonormal basis for the Hilbert 
space £ 2 ■ Then T attains norm only at ±ei. Let A = I, the identity operator on 
£ 2 ■ It is easy to check that T±bA. Indeed, ||(T + AA)ei|| > ||T|| for all A < 0, and 
||(T + AA)e n || > ||T||, for all A > 1/n. But Te 1 is not orthogonal to Ae 1 in the 
sense of Birkhoff- James. 

In the next theorem we consider T with an additional condition that sitp{||Ta;|| : 
x £ C} < ||T|| for all closed subset C of Sx with d(Mr,C) > 0. 

Theorem 2.2. Let X be a Banach space, T £ _B(X, Y), Mt = D U (-D) (D is a 
non-empty compact connected subset of Sx)- If sup{||Tx|| : x £ C} < ||T|| for all 
closed subset C of Sx with d(Mx, C) > 0 then for any A £ B(X, Y), TTbA, if and 
only if there exists z £ Mt such that TzA-bAz. 


Proof. Assume that Mt = D U (-D) (D is a non-empty compact connected subset 
of Sx) and sup{||Tx|| : x £ C} < ||T|| for all closed subset C of Sx with d(Mr, C) > 
0 . 

If z £ Mt such that TzA-bAz then clearly TLbA. For the other part, suppose 
that T±bA but there exists no x £ Mt such that TxJ-bAx. Then by applying 
Lemma l 2 Tl we get some Ao 7 ^ 0 such that 

\\Tx + A 0 Ahr|| < ||T|| Vx £ M t . 

Without loss of generality we assume that Ao > 0. 

Now x —> \\Tx + AoAt|| is a real valued continuous function from S% to R. As 
Mt is a compact subset of Sx so this function attains its maximum on Mt- Then 
we can find an e\ > 0 such that 


||Tx + A 0 Ar|| < ||r|| - ei W- £ M T . 


Choose e x = ||T|| — ei — ||Tx + AoAx||. For each x £ Mt we have e x > 0 and so by 
continuity of the function T + AoA at the point x we can find an open ball B (x, r x ) 
such that 

|| (T + A 0 A)(^ - x)|| < e x Vz £ B(x,r x ) C Sx- 
Then || (T + A 0 A)z|| < ||T|| - ei \/z £ B(x, r x ) n Sx- 
Again let A £ (0, Ao). Then for all z £ B{x , r x ) (~l Sx 


Tz + XAz = 
=> ||Tz + XAz\\ < 
=> ||Tz + AAz|| < 


(1 ——)Tz + —(Tz + AoA^;) 
ao Ao 

(1- ±)\\Tz\\ + ±\\Tz + X 0 Az\\ 
Ao Ao 

(i- + 

Ao Ao 

mi - A ei 

Ao 


The compactness of Mt ensures that the cover {B(x,r x ) fl Mt ■ x £ Mt} has a 
finite subcover {B(xi, r Xi ) fl Mt : i = 1 , 2 ,... n} so that 

M t C U" = 1 B(xj,r Xi ). 
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So for A £ (0, Ao) and z £ ^ U" =1 B(xi, r Xi fl 5% we get 

||T* + AA*||<||T||-A Cl . 

Consider C = fl ™ = 1 B(xi,r Xi ) c . Then C is a closed subset of Sx with C 0 Mt = 0. 
As Mt is compact so d(C,Mr) > 0. By the hypothesis smp{||Tz|| : z £ C} < ||T|| 
and so there exists e 2 > 0 such that sup{||T 2 i|| : z £ (7} < ||T|| — £ 2 - 
Choose 0 < A < min{Ao, jp^}- Then for all z £ C we get 

\\Tz + XAz\\ < \\Tz\\ + \X\\\Az\\ 

< ||T|| — e 2 + |A|||A|| 

< \\T\\-\e 2 

Choose e = min{ie 2 , ^ e i}- Then for all x £ Sx we get 

\\Tx + XAx\\ < \\T\\-e. 

This shows that \\T + AA|| < ||T||, which contradicts the fact that TLbA. This 
completes the proof. □ 

3. Operator norm attainment in a Hilbert space H and 
Birkhoff-James orthogonality in _B(H) 

From 13 ns] it follows that if T is a bounded linear operator on a finite dimen¬ 
sional Hilbert space then TLbA for A £ 13 (HI) if and only if there exists x £ Mt 
such that ( Tx,Ax ) = 0. The result is not true if the space is of infinite dimension. 
In the following theorem we settle the problem for Hilbert space of any dimension. 

Theorem 3.1. Let T £ H(H). Then for any A £ T.LbA Txa-LAxo for 

some xo £ Mt if and only if Mt = Sh 0 , where Hq is a finite dimensional subspace 
ofMand\\T\\ Ho r<\\T\\. 

Proof. Without loss of generality we assume that ||T|| = 1. We first prove the 
necessary part. From Theorem 2.2 of Sain and Paul El it follows that in case of a 
Hilbert space the norm attaining set Mt is always a unit sphere of some subspace 
of the space. We first show that the subspace is finite dimensional. Suppose Mt 
be the unit sphere of an infinite dimensional subspace Ho. Then we can find a 
set {e n : n £ N} of orthonormal vectors in Hq. Extend the set to a complete 
orthonormal basis B = {e a : a £ A D N} of H. For each e a £ H 0 fl B we have 

||T*T|| = ||T|| 2 = \\Te a \\ 2 = (T*Te a , e a ) < ||T*Te a ||||e a || < ||T*T|| 

so that by the equality condition of Schwarz’s inequality we get T*Te a = X a e a for 
some scalar A a . Thus {Te a : e a £ H 0 D B} is a set of orthonormal vectors in HI. 
Define A : B —H as follows : 

A(e n ) = n £ N 

A(e a ) = Te a , e a £ H 0 fl B — {e n : n £ N} 

A(e a ) = 0, e a £ B — Hq n B 

As {Te a : e a £ Ho CiB} is a set of orthonormal vectors in HI it is easy to see that 
A can be extended as a bounded linear operator on HI. 
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Now for any scalar A, || T + XA\\ > ||(T + \A)e n \\ = ||(1 + £)Te n \\ = | 1 + ^ I 
Ill’ll —* Ill’ll- Thus T-LbA. 

We next show that there exists no x G Mt such that Tx-LbAx. Let x = 
J2 a ( x , e a)e a G M T - Then 

(Tx, Ax) = E ^ I <*. e ™> I' II T H 2 + E I e “) I' II T H 2 

n a ^N 

and so (Tx, Ax) = 0 if and only if x = 0. Thus TTbA but there exists no x G Mt 
such that TxJ-bAx. This is a contradiction and so Hq must be finite dimensional. 

We next claim that ||T||jy 0 J. < ||T||. Suppose ||T|| ffo x = ||T||. As T does not 
attain its norm on Hq ± and ||T||= sup {||Ta;|| : x G S Ho ±} there exists {e„} in Hq~ l 
such that ||Te„|| —> ||T||. We have H = Hq © Hq 1 -. 

Dehne A : H — > H as follows: 


Az = Tx, where z = x + y, x G Hq, y G Hq 1 - 


Then it is easy to check A is bounded on H. Also for any scalar A, ||T + AA|| > 
||(T+AA)e n || = ||Te„|| holds for each n G N. Then ||T+AA|| > ||T|| for all A so that 
T-LbA. But there exists no x G Mt such that ( Tx,Ax) = 0. This contradiction 
completes the necessary part of the theorem. 

We next prove the sufficient part. If (Txq,Axo) = 0 for some xq G Mt, then 
T±bA. Next let TLbA. Then by Paul [TO] there exists {z n } C S'h such that 
||T, 2 : n || —>• ||T|| and (Tz n , Az n ) —> 0. For each n G N we have z n = x n + y n , where 
x n G H 0 ,y n G Hq 2 -. Then ||z n || 2 = 1 = ||a:n|| 2 + \\yn\\ 2 and so ||a: n || < 1, Vn G N. 
As Hq is a finite dimensional subspace so {x„}, being bounded, has a convergent 
subsequence converging to some element of Hq. Without loss of generality we as¬ 
sume that x n — > Xq (say) in Hq in norm. Now for each non-zero element x G Hq 
we have, 

||T*T||||t|| 2 < ||T|| 2 ||a:|| 2 = ||Tz|| 2 = (T*Tx,x) < \\T*Tx\\\\x\\ < \\T*T\\\\xf- 


and so ( T*Tx,x) = ||T*Ta;||||a:||. By the equality condition of Schwarz’s inequality 
T*Tx = A^a: for some A^,. 

Now (T*Tx n ,y n ) = (T*Ty n ,x n ) = 0 and so 


= (T*Tx n , x n ) + (T*Tx n , y n ) + ( T*Ty n , x n ) + ( T*Ty n , y n ) 

= lim |[Ta :„|| 2 + lim ||Tj/ n || 2 . 

= ||Ta:o|| 2 + lim||Ty n || 2 

= ||T|| 2 (1 — ||a;o|| 2 ) 

= llTfhmll^H 2 .( 1 ) 

By hypothesis sup{\\Ty\\ : y G Hq 1 -, ||j/|| = 1} < ||T|| and so by (1) there does 
not exist any non-zero subsequence of {||i/n||}- So we conclude y n = 0V n and 
z, , = n. Then ( Tz n ,Az n ) -A 0 =>■ (Txq,Axq) = 0. This completes the proof. 

□ 


(T*Tz n ,Z n ) 

> lim ||T 2 n || 2 

=* mi 2 

> lim ||Ty „|| 2 

> lim ||Ty „|| 2 


4. Smoothness of bounded linear operators 

As an application of the results obtained in the previous sections we first give 
sufficient condition for smoothness of compact linear operators on a Banach space. 
Later on we give sufficient condition for smoothness of bounded linear operators on 
a Banach space. 
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Theorem 4.1. Let X be a reflexive Banach space and Y be a normed space. Then 
T G K(X, Y) is smooth if T attains norm at a unique (upto scalar multiplication) 
vector Xq (say) of Sx and Tx o is a smooth point. 

Proof. Assume T attains norm at a unique (upto scalar multiplication) vector xq 
(say) of Sx and Tx o is a smooth point. We show that for any P,QG A'(X,Y), 
if T±bP and T±bQ then T±b (P + Q )• By Theorem 12.11 we get TxqLbPxq 
and Txo-LbQxq- As Tx o is a smooth point so we get TxqJ-b ( Pxq + Qx o). Then 
T± b {P + Q). 

This completes the proof. □ 

Remark 4.1. This improves the result [Theorem 2.2 ] proved by Hennefeld [6] in 
which the author assumed X to be a smooth reflexive Banach space with a Schauder 
basis. 

Conversely we show that the conditions are necessary. 

Theorem 4.2. Let X be a reflexive Banach space and Y be a normed space. If 
T G K (X, Y) is smooth then T attains norm at a unique (upto scalar multiplication) 
vector Xq (say) of Sx and Txq is a smooth point. 

Proof. Since the space X is reflexive and T is compact so there exists x G Sx 
such that ||Tx|| = ||T||. We show that if ||Txi|| = ||CTcc 2 1| = ||T|| for Xi,X 2 S Sx 
then xi = ±x 2 - If possible let x\ ^ ±x 2 . There exists a subspace Hi of codi¬ 
mension 1 such that x\LbHi. There exists a scalar a with | a |< 1 such that 
axi + X 2 E Hi. Again there exists a subspace H 2 of Hi with codimension 1 in Hi 
such that (ax 1 + X 2 )I~bH 2 . Now every element z G Sx can be written uniquely as 
z = axi + hi for some scalar a and hi G Hi. Again hi can be written uniquely as 
hi = /3(axi+x 2 )+h 2 for some scalar /3 and h 2 € H 2 . Thus z = ( a+a/3)xi+/3x 2 +h 2 . 
Define operators Ai,A 2 : X —> Y as follows : 

Ai(z) = (a + a/3)Txi, A 2 (z) = /3Tx 2 + Th 2 - 
Clearly both Ai,A 2 are compact linear operators. Then T-LbAi,T-LbA 2 but 
T = Ai + A 2 which shows that T is not orthogonal to Ai + A 2 in the sense 
of Birkhoff-James. This shows that T is not smooth. Hence T attains norm at 
unique( upto scalar multiplication ) vector Xq G Sx- 

We next show that Txq is a smooth point in Y. If possible let Tx 0 be not smooth. 
Then there exists y, z G Y such that TxqJ-bV, TxqLbz but Tx q is not orthogonal 
to y + z in the sense of Birkhoff-James. There exists a hyperplane H such that 
xqJ-bH. Define two operators Ai,A 2 : X —> Y as follows : 

Ai(aa;o + h) = ay , A 2 (axo + h) = az. 

Then it is easy to check that both Ai, A 2 are compact linear operators and TLbAi, 
T-LbA 2 . But T is not orthogonal to Ai + A 2 , otherwise since Mt = {± 10 }) we have 
by Theorem 12.11 TxoJ-B(y + z), which is not possible. This contradiction shows 
that Tx q is a smooth point. 

□ 

Corollary 4.2.1. T G A'(X,Y) is a smooth point if and only if T* attains norm 
at a unique (upto scalar multiplication) vector g (say) of SV* and T*g is a smooth 
point. 
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Proof. We first note that T is smooth if and only if T* is smooth. Then by using 
Corollary ETlT] and following the same method as above we can show T is a smooth 
point if and only if T* attains norm at a unique (upto scalar multiplication) vector 
g (say) of SV* and T*g is a smooth point. □ 

Remark 4.2. In[ 5] Heinrich proved necessary and sufficient conditions for smooth¬ 
ness of compact operators from a Banach space X to a Banach space Y using dif- 
ferentiabilty of the norm of a Banach space. In Theorem Theorem \f.2\ and 
Corollary \f.2.1\ we have given alternative proofs of the results without assuming Y 
to be a Banach space. 

We next give a sufficient condition for a bounded linear operator to be smooth. 

Theorem 4.3. Let X be a Banach space and Y be a normed space. Then T £ 

_B(X, Y) is a smooth point if T attains norm only at ±£o., Tx 0 is smooth and 

sup{||Tx|| : x £ C} < ||T|| for all closed subsets C of Sx with d(±xo,C) > 0. 

Proof. Suppose T attains norm only at ±£o> Txq is smooth and swp{||Ta;|| : x £ 

C } < ||T|| for all closed subsets C of Sx with d(±x 0 ,C) > 0. Let T± B Ai, TL B A 2 . 
Then by Theorem 12.21 TxqT b AiXq, TxqT b A 2 xq. As Txq is a smooth point so 
TxqT b (Ai + A 2 )xq and so T± b (Ai + A 2 ). Thus T is a smooth point. 

□ 


We next prove the following: 

Theorem 4.4. Let X be a Banach space and Y be a normed space. IfT£ B(X, Y) 
is a smooth point that attains norm only at ±.to £ Sx then sup^gtfnSxll^H < ||T|| 
where H is a hyperplane such that XoT B H. 

Proof. If possible let sup x ^HnSx\\TA\ — ||T||. Then there exists {i n } C H fl Sx 
such that llT^nll —> ||T||. Every element z £ Sx can be written as z = axo + h for 
some scalar a and h £ H. Define operators Ai,A 2 : X —> Y as follows : 

Ai(z) = aTx 0 , A 2 (z) = Th. 

It is easy to verify that both A±, A 2 are bounded linear operators. Now ||T+AAi || > 
||(T + AAi)x n || = ||Tx n || ->■ ||T|| so that T± B A 1 . Similarly ||T + AA 2 || > ||(T + 
AA 2 )a;o|| = ||Txo|| = ||T|| so that TT B A 2 . But T = A\ + A 2 which shows that T is 
not orthogonal to A\ + A 2 . This contradiction proves the result. □ 

We also have the following theorem, the proof of which follows in the same way 
as Theorem 14.21 

Theorem 4.5. Let X be a Banach space, Y be a normed space and T £ R(X, Y) 
be a smooth point. If ||Txi|| = ||Tx 2 || = ||T|| for x\,x 2 £ Sx then X\ = ±x 2 . 

Abatzoglou PQ studied the smoothness of bounded linear operators on a Hilbert 
space, we here give an alternative proof of the same. 

Theorem 4.6. Let H be a Hilbert space. Then T £ R(H) is a smooth point if and 
only if T attains norm only at ±xo and smp{||T?/|| : XqT y,y £ Sh} < ||T||. 

Proof. We first prove the necessary part in the following three steps : 

(i) T attains norm at some point of Sx- 

(ii) T attains norm at unique point xq £ Sx- 

(iii) sup{\\Ty\\ : x 0 ±y,y £ S'h} < ||T||. 
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Claim (i) : If T does not attain its norm then exists a sequence { e n } of or¬ 
thonormal vectors such that ||Te n || —> ||T||. Then there exists an orthonormal 
basis B containing {e n : n = 1,2,...}. Define a linear operator A\ on H as : 
A\e 2n = Te 2n and A\ takes every other element of B to 0. We show that Ai is 
bounded. Every element z in H can be written as z = x + y where x = Y) ct 2n e 2n 
and y-Lx. Now ||Ai,z|| = ||Tx|| < ||T||||x|| < ||T|| for every z with ||z|| = 1. Thus A\ 
is bounded. Consider another bounded operator A 2 = T — A\. Next we claim that 
T± B A 1 ,T± B A 2 . Now ||Te 2 n+i|| —* ||T|| and {Te 2n +i, Aie 2n +i) —* 0 and so by 
Lemma 2 of M, we get TA b A\. Similarly we can show that TT B A 2 . But T is not 
orthogonal to A\ + A 2 in the sense of Birkhoff-James- this contradicts the fact that 
Tis smooth. 

Claim (ii) : Suppose ||Txi|| = ||Tx 2 || = ||T|| with X\,x 2 £ Sh,Xi ^ ±* 2 - By 
Theorem 2.2 of Sain and Paul HU. the norm attaining set Mr is a unit sphere 
of some subspace of H. So without loss of generality we assume that xiTx 2 - Let 
H 0 = ({an, £ 2 })- Then H = H 0 ® . Define Ai,A 2 : El —H as follows : 

A\{c\Xi + c 2 x 2 + h) = C\Tx \, ^ 2 ( 01 X 1 + o 2 x 2 + h) = c 2 Tx 2 + Th , where h e Hq. 
Then as before it is easy to check that both A \, A 2 are bounded linear operators 
and T± b Ai,T± b A 2 . But T = A\ + A 2 and so T is not orthogonal to Ai + A 2 in 
the sense of Birkhoff-James, which contradicts the fact that T is smooth. 

Claim (iii) Suppose T attains norm only at ±xo £ Sh and swp{||Ty|| : xo-Ly,y £ 
S'h} = ||T||. Let Ho = ({xo}). Then H = H 0 ® Hq . Define Ai, A 2 : H —> El as 
follows: 

Let z = x + y £ H, where x £ H 0 ,y £ Hq. Then A±z = Tx, A 2 z = Ty. It is easy 
to check that both Ai,A 2 are bounded linear operators and T± B Ai,T± B A 2 . But 
T = 241+^42 and so T is not orthogonal to Ai + A 2 in the sense of Birkhoff-James, 
which contradicts the fact that T is smooth. 

We next prove the sufficient part. Assume T attains norm only at ±xo and 

sup{||T?/|| : xo-Ly, y £ .Sh} < ]]T||. Let TA B Ai(i = 1,2). Then by Theorem 13.11 
Txo-LAiXo and TxqAA 2 Xq. As Tx 0 is a smooth point of H so TxqJ-(Ai + A 2 )xq. 
Then TT B (A\ + A 2 ). Thus T is smooth. □ 
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